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One of the most beautiful result in complex analysis is the following Ohsawa-Takegoshi 
extension theorem (cf. [6], see also [1], [3], [5], [7]): 

Theorem. Let Q. be a bounded pseudoconvex domain in C". Suppose sup^ < e~^. 
Then there exists a constant C„ > such that for every <p e PS H(Q.), every holomorphic 
function f onQO {zn = 0} with J^^^ \f?'e~'^ < oo, there exists a holomorphic extension F 
of f to Q. such that 



f l£] g-v < c„ f \ffe'^. 

Jn k«P(-log|zJ)2 Jnnk„=oi 



mn{z„=0] 

Recently, there are some attempts to simplify the original proof of Ohsawa-Takegoshi, 
which is based on a solution of certain twisted 5-equation (cf. [8], [9]). In this paper, 
we shall give a simple proof by solving directly the 5-equation. The idea is inspired by a 
remarkable paper of Bemdtsson-Charpentier (cf. [2]). 

Let p = log(|z„|^ -I- 6^), rj = -p + log(-p) and i// = - log?/, where 6 > is a sufficiently 
small constant such that -p > 1 on Q.. Since 

ddif/ = + = (1 + (-p) ) + + (1) 

we have (A e PSH(Q.). Put cf) = + log \zn\^. Let;\f : M ^ [0, 1] be a cut-off function 
satisfying ;\f|(_oo, 1/2) = 1 and ;\f|(i_oo) =0. By a standard approximation argument we may 
assume that / is holomorphic in some domain V dd Q. Pi {z,, = 0}, (f is C°° in a neighborhood 
of f2, and it suffices to find a holomorphic extension F of f toQ such that |^ p(-k)g|z i)- ^"*^ - 
Cn fy \f?e-f. Thus for e small enough, we have a well-defined smooth 5-closed (0, 1) form 
^ = fdxikn?'/^^) on ^- Clearly, v e L^qjj(Q, 0) and there exists a solution of 5m = v 
with minimal L^-norm in L^(Q, 0), i.e., u±Ker:d. Since i/^ is a bounded function, we have 
Me*J.Ker5 in L^(Q., (f> + ij/). Thus by Hormander's L^-estimates for the d operator (cf. [4]), 



f\v + d^Au\l,^^^^/-^ 



r (by Schwarz's inequality) (2) 

sur- ' 
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where r > is a small constant to be determined later. Since drjdrj = (1 + (-p) ^)^dpdp, we 
infer from (1) that 

o o , ^ dpdp drjdT] I 1 1 \ ^ ^ 



Thus 

By (1), we have ddif/ > ^ = Thus by Fubini's theorem, if e « 1, we have 

< Cn{ \f?e-^. (4) 
Jv 

Since = ^ (l + dpdp < f,dpdp and > ^j^f^ > ^ on supp v, we get 

»^suppv '/ 
Substituting (3),(4),(5) into (2), 



[{t^ -]MV-^<(l+r-i)C„ r I/P. 

Since 77 x -p, we may choose r = r„ sufficiently small such that the left side of the above 
inequality is bounded below by c„ j^jpe~'^ for some constant c„ > 0. Now put = 
xQznf'/ £^)f - u. We conclude that is a holomorphic extension of / to Q together with the 
estimate ^ 

I k„P(-lolk„P)2'"' - ^" X 
By taking a weak limit of as 6 — > 0, we get the desired extension. 
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